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class of CDT-subproblems with linear equality constraints, where (SCQ) ensures regularized
Lagrangian duality.
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1 Introduction

Consider the quadratic optimization model problem

(OP) inf xTAx+2a"x +«
s.t.xTBix—|—2biTx+,3,- <0,i=1,....m
Hx =d,

where A, B; € R™" are symmetric matrices, a, b; € R" are vectors, o, B; € R, i =
1,...,m,are scalars, H € RF*" is a matrix and d € R*. Model problems of the form (Q P)
cover a broad range of quadratic optimization problems and, in particular, include trust-region
problems and quadratic programming problems [8,11,18,20-22,26,28,30].

The standard Lagrangian dual problem for (Q P) is given by

m k
: T
(LDP) | max ol SO0+ ; higi(x) + ]ZI wy (h7x = d5).,
where f(x) = xTAx +2a7x + «, gilx) = xTBix + 2biTx +Bi,i =1,....m H =
(A1, ..., k)" and hj € R", j =1,..., k. For (QP), Lagrangian duality means that the
optimal values of (QP) and (LD P) are equal and (L D P) attains its maximum, that is,
argmax(LDP) # .

Research on Lagrangian duality for quadratic optimization has so far been limited mainly
to problems (Q P) without the linear equality constraints. In this case, Lagrangian dual-
ity has been established for various classes of non-convex quadratic optimization problems
including trust-region problems [1-3,5,17,24,27,29,30]. In particular, the Slater constraint
qualification is generally used to guarantee Lagrangian duality for trust-region problems.

Unfortunately, Lagrangian duality often fails even for linearly constrained trust-region
problems under the Slater constraint qualification (SCQ) that Hxo = d, xOT Bixo+ ZbITxo +
B1 < 0, for some xo € R". For instance, consider the trust-region problem with a linear
constraint

min {—x% |x12+x22 <1, x1 +x =0}
(x1,x2)€R?

Its (global) optimal value —% is attained at (g, — 4) and (— 72 ﬁ), whereas its Lagrang-

ian dual problem
max inf —x2+AGZ+xZ—1)+ (x1 + x2
A>0,u€R (x1,x2)eR? 2 ( ! 2 ) " )
has —1 as its optimal value, and so, Lagrangian duality fails, but the Slater condition holds
for the trust-region problem.
However, the following regularized Lagrangian dual problem
max inf —x3 4+ A(x? 21
A23x1+x2=0 *2 + (xl +x2 )
attains its optimal value —% at A = 1/2. Thus, the optimal values of the trust-region problem
and its regularized dual [10,19] problem are equal. Note that the equality constraint is not
relaxed in the regularized dual problem.
The aim of this paper is two fold. The first is that we establish Lagrange multiplier con-
ditions which characterize a regularized Lagrangian duality in the sense that the optimal
values of (Q P) and its regularized Lagrangian dual
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m
(DP)  max inf {f () + D Agi())
r=(r1,.cskm)ERY xe H-1(d) P
are equal and the regularized dual (D P) attains its maximum, where H @) .= {x: Hx =
d}. Obviously, in the absence of the linear equality constraints, the regularized dual (c.f.
[10,19]) of (QP) collapses to the standard Lagrangian dual, and so, our regularized duality
characterizations extend corresponding known results of Lagrangian duality [23,28,29].

The second aim is that we derive practical conditions characterizing the regularized dual-
ity for the important class of (Q P) with a single quadratic inequality constraint. This class of
problems includes trust-region problems with linear equality constraints. They often appear
in the form of optimization sub-problems when solving nonlinear equality constrained opti-
mization problems by trust-region techniques [8,28,30].

The paper makes two key contributions. We show that the positive semidefinitness of
the Hessian of the Lagrangian, A + Z;":l Ai B;, over ker(H), characterizes the regularized
Lagrangian duality for (Q P), where A}s are the Lagrange multipliers associated with a
minimizer of (Q P) and ker(H) is the kernel of H, given by ker(H) = {x e R" : Hx = 0}.

The second contribution is that, in the case of (Q P) with a single quadratic inequality
constraint such as the trust-region problems with linear equality constraints, we show that
(SCQ) is necessary and sufficient for the regularized Lagrangian duality in the sense that
the regularized duality holds for each quadratic objective function over the constraints if and
only if (SCQ) holds. Related characterizations for convex programming problems can be
found in [13].

Also, we provide classes of non-convex quadratic optimization problems, including a
class of important CDT-subproblems [1,5] involving linear equality constraints, where (SCQ)
ensures regularized Lagrangian duality.

Our approach is to extract required convexity from the quadratic programs (Q P) to derive
the duality results and also to exploit the hidden convexity of quadratic forms given by Dines’
theorem [9] to examine (Q P) with a single quadratic inequality constraint. The character-
ization of regularized duality for trust-region problems is achieved by establishing a new
theorem of the alternative for systems involving two quadratic inequalities and finitely many
linear equalities. Our theorem of the alternative generalizes the corresponding theorem of
Yuan [25,30] for two quadratic inequalities. Recently, various theorems of the alternative for
quadratic inequality systems have been given in [15].

2 Regularized duality and linear equalities

In this Section, we present a duality theorem for the dual pair (Q P) and its regularized
Lagrangian dual (D P), extending the corresponding Lagrangian duality for quadratic prob-
lems with only quadratic inequality constraints [1,23,28,29].

We begin by fixing the notation and definitions that will be used later in the paper. The real
line is denoted by R and the n-dimensional Euclidean space is denoted by R”. The dimension
of a subspace C is denoted by dim(C). The set of all non-negative vectors of R” is denoted by
R’ , and the interior of R’} is denoted by intR’} . The space of all (n x n) symmetric matrices
is denoted by S”. The (n x n) identity matrix is denoted by I,,. The notation A > B means
that the matrix A — B is positive semidefinite. Moreover, the notation A > B means the
matrix A — B is positive definite.

For the model problem (Q P), we let f(x) = xTAx +2a"x + a and g; (x) = xT Bjx +
2biTx + Bi, i = 1,...,m, and assume that the feasible set F := {x : gi(x) <0, i =
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l,...,m,Hx = d} # (. Denote H = (A1, ..., )" where each h; € R", j =1,... k.
Denote the optimal values of (Q P) and (D P) by v(Q P) and v(D P). It is easy to check that
the weak duality v(Q P) > v(D P) holds. Recall that X € F is called a KKT point of (Q P)
with A = (A1, ..., A») € R if there exists w € R¥ such that

V(f—f—ZAig)(x)—i-HTw =0and A;igi(¥)=0,i=1,...,m. Q2.1

i=1
The corresponding A satisfying (2.1) is called the KKT multiplier associated with X.

Theorem 2.1 For the dual pair (Q P) and (D P), suppose that argmin(Q P) # (. Then, the
Sfollowing two statements are equivalent:

(1) v(QP) = v(DP) and argmax(DP) # (;
(i) A+ X", AiB; is positive semidefinite on ker(H), for some KKT multiplier 1. € R}
associated with a feasible point x of (Q P).

Proof [(1) = (ii)] Let x € argmin(Q P). Then, by the assumption, v(DP) = f(x) and so,
there exists A = (A1, ..., Apy) € R’l’ such that, for each x € H_l(d),

fO)+ D higi(x) — f(%) = 0.

i=1

This gives us that > /" | A;&;(X) > 0 and, by the feasibility of X, A;g; (x) = 0. This implies
that X is a global minimizer of f + > /L, A;g; over H~Y(d). Letting L(x) = f(x +%) +
Z;"zl rig(x + X), we see that for all x € ker(H), L(x) > L(0). So, there exists w € R¥
such that

V(f + ingi)(x) +HTw=VLO)+H w=0.
i=1

We now show that A + Zl'-”:] A; B; is positive semidefinite on ker(H ). To see this, note from
the Taylor expansion that, for any v € ker(H),

0< (f(x+ v) + z)»igi(f+ v)) — (f(x) + z)»igi(X))

i=1 i=1

= V(f—i-zkigi)(x)Tv +7 (A +Zki3i)v
i=1

i=1
m

=7 (A + Z)\,‘B,‘)v,
i=1

where the last equality holds as V(f + z;":l rig)@Tv = —(H"w)Tv = wl Hv and
v € ker(H). Hence, (ii) holds.

[(ii) = (i)] Since X is a KKT point with A = (A1, ..., A,) € R}, there exists w € R¥
such that V(f + Z;”:l 1ig)@ +HTw = 0,18 (X) = 0. Then for each feasible xg of (QP),

(f—i-z)»igi)(xo) —(f+z?»igi)(x)

i=1 i=1

= V(f + Z)\igi)(x)T(XO -3+ %(xo —x)T(A + ZAiBi)(xo -%) >0,

i=1 i=1
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as A + X" | A; B; is positive semidefinite on ker(H), H(xo — X) = 0 and V(f +Ag)(®)T
(xo — %) = —wl H(xg — x) = 0. This gives us that for each feasible xq of (QP),

FO0)+ D higi(xo) = f(0) + D higi(®) = f(¥),

i=1 i=1

which, in turn, yields f(xo) > f(x) —Z;": 1 Aigi(x0) = f(X).Hence, X is a global minimizer
of (QP), and v(Q P) = v(DP) with A € argmax(D P). m}

We now provide an example of a non-convex quadratic program with a non-convex
quadratic inequality constraint which enjoys regularized Lagrangian duality and verifies
Theorem 2.1. However, Lagrangian duality fails.

Example 2.1 Consider the quadratic program

(E1) min —x22—2x1x2
(x1,x2)€R?

st 1—x2<0,—1—-x<0, x+x=1.

Observe that the problem (E7) is of the form (QP) wheren =2, H = (1,1),d = 1,a =
b1 = (0,07, =(0,-1/2)Ta =0, =1, o = —1

0 -1 -1 0 0 0
a0 ) () wann (3 0).
By eliminating x> using the equality constraint, the problem (£) becomes

min{x? — 1 |x? > 1, x; <2}

which has global minimizers x; = —1 and x; = 1. So, the global minimizers of (E) are
X = (1,0) and 7 = (—1, 2), and the optimal value v(E;) = 0.
The Lagrangian dual of (E7) becomes

(LDE)) N max inf{—x22 —2x1x2 + A (1 — xlz) + A (=1 —x2) + p(x1 +x2 — D}

1,2>0,ueR

Note that, for any Ay, > > 0 and for any u € R,
inf  {—x3 — 2x1200 4+ A1(1 — x}) 4+ Aa(=1 — x2) 4 p(x1 +x2 — 1)} = —o0.

(x1.x2)€R?

Thus v(LDE;) = —oo. Therefore, Lagrangian duality fails. The regularized dual problem
of (E1) can be formulated as

(DE\) max inf {(=x3 = 2x1x0 + A1 (1 — x3) + ha(—=1 — x2)).

1.42>0 x14+x2=1

Then, it can easily be verified that v(E;) = v(DE;) and (DE) attains its maximum at
(A1, 42) = (1, 0).
On the other hand, for u = 1, A1 = 1l and A, =0,

-1 -1
A+MBy+ B = (_1 _1),

v (A 4+ A1 By + ABy)v = 0 when v = (v, vp) with v; + v» = 0, and
V(f + 181 +r2g) (@ + H = (A+ 0BT + H 10 = (0,0)" and 418(X) = 0.
So, statement (ii) of Theorem 2.1 is satisfied. Note, however, that the Hessian of the Lagrang-

ian corresponding to the global minimizer X, A + A1 B + A2 By, is not positive semidefinite.
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It is worth noting that if the standard Lagrangian duality holds then the regularized
Lagrangian duality also holds as v(QP) > v(DP) > v(LDP). We now see that in the
absence of linear equality constraints in (Q P), Theorem 2.1 yields necessary and sufficient
conditions for Lagrangian duality.

Consider the special case for (QP) without the linear equality constraints:

(OPy) inf xTAx+2a"x 4+«
st xTBix +2bI x + 8 <0, i=1,...,m. (2.2)

Its Lagrangian dual problem can be stated as follows:

m
(LD Py) max inf () + D Agi(x)¢. (2.3)
A=(A1, oo A ) ERT XERT P

Corollary 2.1 Suppose that argmin(Q Py) # @. Then, the following two statements are
equivalent:

(i) v(QPy) = v(LDPy) and argmax(LD Py) # 0;
(iii) A+>7", 2iBi = 0, for some KKT multiplier A € R’} associated with a feasible point
X of (Q o).

Proof The conclusion follows from Theorem 2.1 by letting H = 0 and d = 0. O

3 Linearly constrained trust-region problems

In this Section, we establish that the regularized Lagrangian duality is characterized in terms
of the Slater constraint qualification for the general trust-region model problem with linear
equality constraints [8,28]

(QPy) inf f(x)
s.t. xTle + 2b]Tx + B <0,
Hx =d, (3.4)

where f is a quadratic function on R"” and g (x) = xTBix + ZblTx + B1 and By € S" is not
necessarily positive semidefinite. Its dual problem (D Py) can be formulated as follows

(DPy) max inf {f(x)+Agi(x)}. 3.5
1>0 xeH-1(d)

The values of these problems (Q Py) and (D Py) are denoted respectively by v(Q Py) and

v(DPy).

An alternative theorem for quadratic systems involving linear equalities plays a key role in
deriving the duality characterization. To establish this alternative theorem, we recall the fol-
lowing well known Dines’ Theorem on the joint-range convexity of homogeneous quadratic
functions.

Lemma 3.1 (Dines’ Theorem [9,25]) Let f, g : R" — R be defined by f(x) = xT Ax and
g(x) = xT Bx, where A, B € S". Then the set {(xT Ax, xT Bx) : x € R"} is convex.
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Theorem 3.1 (Alternative Theorem) Let H € R¥*" and d € R¥. Let the quadratic functions
f.g1 :R" = Rbegivenby f(x) =xTAx +2a"x +a and g1 (x) = x" Bjx + ZblTx + B1,
where A, By € §", a, by € R", a, B1 € R. Then, exactly one of the following two statements
holds:

(1) @x eR") Hx =d, g1(x) <0and f(x) <0
(i) 3(ho. A1) € RIN{(0, 0)})(Vx € H™1(d)) o f(x) + A1g1(x) > 0.

Proof [(1) = Not(ii)] Suppose, on the contrary, that (ii) holds. Then, there exists (Ao, A1) €
R%\{(0, 0)} such that for all x € H~!(d)

rof(x) +2r1g1(x) = 0. (3.6)

From (i), there exists xo € R" with Hxg = d, g1(x¢) < 0 and f(x9) < 0. Since (Ao, A1) €
R2\{(0, 0)}, it follows that

Ao f (x0) + A1g1(x0) < 0.

This contradicts (3.6).
[Not(i) = (ii)] Assume that the following system has no solution

Hx =d, g1(x) <0and f(x) <O. 3.7

To see (ii), define the following homogeneous functions f, g1 R Ry

T
Fx, p) = xT Ax +2pa’ x + p?a = (;) ( A “) (x) =7 TAY  (3.8)

a o P

~

and

T
- X B b X T =
gl(x,p)=xTle+2pb1Tx+pZ/31=(p) (blT ﬂl)(p): TBx, (39

~ X -~ A a = 31 b])
where x = VA= and B = .
(/’) (“T 0‘) ] (blT B

Define the vector valued function / : R"*! — RK by

h(x,p) = Hx —pd = (H —d)(;). (3.10)
Then, the following system has no solution
h(x,p) =0, g(x,p) <0and f(x, p) <O. (3.11)

Otherwise, there exists (xo, po) € R" x R such that h(x0, po) = 0, &1(xo, po) < 0 and
Fxo. po) < 0.1 py # 0. then g1 (20) = py 21 (x0. po) < 0. H(22) —d = p 'h(xo. po) =
0 and f (2—2) =0y 2 f (x0, po) < O which contradicts the assumption that the system (3.7)
has no solution.
If po = O, then there exists some xg € R” such that Hxg = 0, xOT Bixop < 0 and
xJ Axg < 0. Now, fix X € R" with HX = d. Then, for eacht € R,
fltxo + %) = >xF Axo + 2t(a + AX) T xo + (),
g1(txo +Xx) = tzxoTleo +2t(b1 4 B1%) x0 + g1 (%)
and

H(txo+X) = Hx =d.
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Since xOTB]xo < 0and xOTAxo < 0, for all ¢+ > 0 large enough one has f(txp + x) < 0 and
g1(txo +x) < 0. This implies that the following system has a solution

H(x)=d, g1(x) <0and f(x) <O.

This again contradicts the assumption that the system (3.7) has no solution.

Now, we see that the system f(x, p) < 0,g1(x, p) < 0, has no solution (x, p) € K,
where K = {(x,p) € R"™ : h(x,p) = 0}. So, @ N (—intR%) = @, where Q :=
{(f(x, ), &1(x,p)) : (x,p) € K}. Let the dimension of the subspace K be m. Then,
we can find a matrix Q € RO*+D*™ of full rank such that K = {Qy : y € R™}. This gives
us that

Q={GTAY, 3TB\X) : ¥ € K}
={0TQTAQ)y, yT(QTB1Q)y) : y e R"}.

So, from Dines’ theorem, €2 is a convex set in RZ.
Applying the Hahn—Banach separation theorem, we get (Lo, A1) € ]Ri\{(O, 0)} such that
for all (x, p) € K,

Ao f(x, p) + r1g1(x, p) = 0. (3.12)
Setting p = 1 and, noting that _f(x, = f(x),&1(x,1) =gi(x)and {x : Hx =d} =
{x:(x,1) € K}, wehave Ao f(x) + X1g1(x) > 0 whenever Hx = d. ]

In passing observe that Theorem 3.1 extends the corresponding alternative theorem of
Yuan [30] where H = 0 and d = 0. We would like to point out that Theorem 3.1 may also
be derived from the results of [15]. However, we have given a direct and self-contained proof
for Theorem 3.1.

In the following we establish that the Slater condition is necessary and sufficient for
regularized duality of trust-region problems with linear equality constraints, extending the
corresponding result in [14] for the standard trust-region problems without the linear equality
constraints. We first show this result in the case of a homogeneous linear equality constraints.

Let us recall some basic tools of convex analysis. The set K C R" is a cone if AK C K,
foreach A > 0. Let C be a closed and convex subset of R” and let x € C. The normal cone of
C atXisdefined as Ne (%) :={y e R* : yI (x =) <Oforallx € C}.IfC is a subspace of
R” then the orthogonal complement of C is given by C+ :={y e R" : yT'x =0,Vx € C}.
Moreover, for a convex function f on R”, the subdifferential of f [4,16] at a point X is
defined by 3f(X) := {y : yT (x = X) < f(x) — f(X) for all x € R"}.

Theorem 3.2 Let H € RF*" Let gi : R" — R be a quadratic function not identically
zero on ker(H). Suppose that F := {x : g1(x) < 0, Hx = 0} # @. Then, the following
statements are equivalent:

(i) Ixg e R", Hxp =0, g1(x0) <O

(ii) For each quadratic function f,

gli(il;fgof(x) = Jnf {f () + Ag1(x)},

Hx=0

for some A > 0.

Proof [(1) = (ii)] Let f be an arbitrary quadratic function. Without loss of generality, we
may assume that ;& := infcg f(x) is finite. Then, [g;(x) <0, Hx =0 = f(x)—u > 0].
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So, the system
Hx =0, g1(x) <0and f(x) —u <0,

has no solution. By Theorem 3.1, there exists (g, A1) € R%_\{(O, 0)} such that Ag(f(x) —
W) + A1g1(x) > 0 for all x € ker(H). We can assume that Ag # 0. Otherwise, ; > 0 and
A1g1(x) > O for all x € ker(H). This implies that g;(x) > O for all x € ker(H) which
contradicts (i). So, for each x € ker(H), f(x) + Ag1(x) > wu, where A = % This implies
that

n= xdi(gf(m{f(x) + Ag1(x)}.

Note that i > infyeker(ar) { £ (x) + Ag1(x)} always holds. Hence, (ii) holds.

[(i1) = (1)] To see (i), we proceed by the method of contradiction and suppose that
g1(x) := xT Byx +2bI x + Bi > 0 whenever x € ker(H). This implies that B; is positive
semidefinite on ker(H). [Otherwise, there exists v € ker(H) such that v7 Bv < 0. Take
aog € F.Sinced =0, ag € ker(H). So, lim;_, » g1(ap + tv) - —oo and ag + tv € ker(H)
for all + € R. This is a contradiction.] Then, g := g1 + Sker(#) 1S a nonnegative lower
semicontinuous convex function which is not identically zero and

{x:g00) =0} = {x: g(x) <0} = ker(H) N {x : g1(x) <0},

where Sker(p) is the indicator function of ker (H). Since g is convex and it attains its minimum
at each point of {x : g(x) < 0} and

dg(x) = 2Byx + 2b + ker(H)*, (3.13)
it then follows that
fx :gx)<0}={x:0€0g(x)}={x:2B1x+2b e ker(H)J‘}. (3.14)
On the other hand, using (ii), we now show that
Nix:g(x)=0)(X) C ker(H)*.. (3.15)

where X € {x : g(x) < 0}. Tosee this,let y € Ny:4(x)<0}(X). Then yT(x —X) < 0 whenever
g(x) <0, and so,

gx) <0= —yTx > —yTx

Then, by (ii) with £ (x) = —yT (x —X), there exists A > 0 such that —y” (x —x) +Ag(x) > 0,
for all x € R". As g(x) = 0, we obtain that y € d(,Ag)(x) = Ldg(x) and hence

Nix:gny <0y () € | J{19g()). (3.16)
>0

Since ¥ € {x : g(x) = 0} (as g is nonegative), (3.13) and (3.14) imply that
dg(X) = 2B X + 2by + ker(H)* C ker(H) .
So,

Nixgn=0)(®) S | J120g(®)} S ker(H)*.
>0

Thus (3.15) holds.
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Now, as X € {x : g(x) < 0}, it follows from (3.14) that

{x:g(x) <0} = {x :2Byx +2b € ker(H)*}
=X+, (3.17)

where S is a subspace defined by S := {x : 2Bx € ker(H)1}. Then, (3.15) and (3.17) give
us that ker(H)J- 2 Nipg()<0)(¥) = Nxyps(X) = S+ This implies that

ker(H) € S = {x : 2B)x € ker(H)"},

and so, xT Bjx = Oforall x € ker(H). This together with our assumption gy (x) = xTBix+
2b1Tx + B1 > 0 for all x € ker(H) gives us that 2b1Tx 4+ B1 = 0 for all x € ker(H).
So, blTx = 0, for all x € ker(H) and f; > 0. Take a € F. Then, a € ker(H) and so,
g1(@) = a’ Bia +2bTa + By = pi < 0. Therefore, we have f; = 0 and so gi(x) = 0
whenever x € ker(H). This contradicts our assumption. ]

As a consequence of Theorem 3.2 we obtain a necessary and sufficient condition for
regularized duality of trust-region problems (Q Py).

Theorem 3.3 (Duality Theorem) Let H € R and d € R*. Let g1 : R" — R be a qua-
dratic function not identically zero on {x : Hx = d}. Suppose that F := {x : gi(x) <
0, Hx = d} # (. Then, the following statements are equivalent:

(i) 3Ixg e R", Hxop =d, g1(x9) <0

(ii) For each quadratic objective function f with v(QPy) finite, v(Q Py) = v(DPy) and
argmax(DPy) # .

Proof [(i) = (i1)] Let f be a quadratic function with v(Q Py) finite. Then, the system
Hx =d, g1(x) <0Oand f(x) —v(QPf) <0

has no solution. So, by Theorem 3.1, there exists (Ao, A1) € ]Ri\{(O, 0)} such that Ao (f (x) —
v(QPr)) +rigi1(x) = 0forall x € H~'(d). Then, 1o # 0. Otherwise A;g1(x) > 0 with
A1 # 0. This contradicts (i). So, for each x € H™'(d), f(x) + g1 (x) > v(QPy), where
A= % This implies that
0
v(QPy) < inf {f(x)+Argi(x)} <max inf {f(x)+2g1(x)} = v(DPy).
xeH~1(d) 1>0 xeH-1(d)

Note that v(Q Py) > v(D Py) always holds. Hence, (ii) holds.

[(i1) = (i)] Assume that d # 0. Otherwise (i) readily follows from Theorem 3.2. Take
ap € F ={x:g1(x) <0, Hx = d}. Define g; by g1(x) = g1(x + ag), x € R”". Note that
{x : Hx =d} = ap + ker(H). Then (ii) gives us that, for each quadratic function f,

inf = inf A , 3.18
glgcl)fof(x) Hl)Iclzd{f(X) +Ag1(x)} (3.18)
Hx=d
for some A > 0. Let f(x) = f(x — ag). Then, by applying (3.18) with f = f, we obtain
that
inf f(x) = inf {F(x)+Ag1(x)}
Hx=d

g1(x)<0
Hx=d

= inf F A
H(a;rlx):d{f(ao +x) 4+ Agi(ap + x)}

= nf {f(x)+2rg1(0)}.
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On the other hand,
inf f(x)= inf  f(ag+ x)
g1(x)<0 f g1(ap+x)<0 f
Hx=d H(ap+x)=d
= inf X).
él(X)SOf( )
Hx=0

So, for each quadratic function f,

inf = inf A8 ,
gl}%fof(") ol LG + 481 ()
Hx=0
for some A > 0. Now, from Theorem 3.2, there exists xo € ker(H) such that g; (xo + ap) =
g1(xp) < 0. Therefore, (i) holds by letting xo = Xo + ag. ]
We also deduce from Theorem 3.2 a characterization of regularized Lagrangian duality
for the following trust region problem with linear equality constraint (cf. [28]):
(TRy) inf f(x)
st lxl? < 1
Hx =d,
where f(x) = xTAfx + Za;x + ay. Its regularized dual problem (DT Ry) can be stated
as follows: '
(DTRy) max inf {f(x) +A(|x])? — D).
r>0 xeH-1(d)
Corollary 3.1 Let H € R gnd d € Rk. Suppose that F := {x : IxI?> <1, Hx = d} *
(. Then, the following statements are equivalent:
(i) 3xg € R", Hxo = d and ||xo|)? < 1.
(if) For each quadratic objective function f with v(T Ry) finite, it holds that v(T Ry) =
v(DT Ry) and argmax(DT Ry) # 0.
(iii) For each quadratic objective function f, Ay + Al is positive semidefinite on ker (H)
Jor some KKT multiplier A € R associated with a feasible point X.

Proof From Theorem 3.2, we see that (i) is equivalent to (ii). To show that (ii) is equivalent
to (iii), note that, for each quadratic objective function f, argmin(T R s) # §. Therefore, the
equivalence of (ii) and (iii) follows from Theorem 2.1 with m = 1 and g1 (x) = ||x ||2 — 1.

[m}

4 Quadratic programs with regularized duality

In this section we derive classes of non-convex quadratic optimization problems for which
the regularized duality holds under the Slater condition.

4.1 A class of CDT-problems with linear equalities

Consider the CDT model problem (cf [1,7]) with additional linear equalities

(QPcpr) inf xTAx +2a"x + &
st ||Bx +b|* < &2, x| < A%,
Hx =d,
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where B € R™*" A € §",a € R™,b € R™ and A, & € [0, +00). Problems of this form
arise when applying trust region techniques to solve nonlinear optimization problems with
nonlinear equality constraints.

Its regularized dual problem becomes

(DPcpr) — max inf  {f(x) +a1(IBx + b — &%) + da(lx > — AD}.
A=(1.22)eR} xeH~1(d)

Corollary 4.1 For (Q Pcpr), suppose that A is positive semidefinite on ker(H) and that
there exists xo € R" with Hxg = d such that

| Bxo + b||> < £2and ||xo||*> < A%
Then, v(Q Pcpr) = v(D Pcpr) and argmax(D Pcpr) # 0.

Proof LetXx € argmin(Q Pcpr). Since Slater’s condition holds and the feasible set is con-
vex, x is a KKT point of (Q Pcpr). Let A € Ri be the KKT multiplier associated with Xx.
Note that A is positive semidefinite on ker(H ), and so, A + A BT B + M1, is also positive
semidefinite on ker(H ). So, the conclusion follows from Theorem 2.1. O

The positive semidefinitness of A on ker(H) can be checked, for instance, by the following
eigenvalue characterization [6]:

T
[Hx =0 = xT Ax > 0] if and only if the matrix (2 h(() ) has exactly g negative

eigenvalues, where ¢ is the rank of H.

4.2 A class of quadratic programs

Consider the following quadratic programming problem with equality constraints

(QPE) inf xTAx +2a"x + «
st.blx4+p<0,i=1,....,m
Hx =d,

where A € S",a,b; e R",a, i €eR,i=1,...,m, H € Rk and d € R,
Define f(x) := xT Ax 4+ 2a” x + «. Consider its associated regularized dual problem

m

(DPE) max inf f(x) +Zki(biTx+ﬂi) .
AeRY xeH=1(d) =

The values of these two problems are denoted by v(Q PE) and v(DPE).

Theorem 4.1 For (QPE), assume that argmin(QPE) # (. Suppose that A is positive
semidefinite on ker(H). Then, v(QPE) = v(DPE) and argmax(DPE) # (.

Proof Letx € argmin(QPE) and let F := {x : biTx + 8 <0,i=1,...,m,Hx = d}.
Since F is convex, it follows that

=V f(X) € Np(x).
Note that (cf. [12, Proposition 2.2.2])
m
Nr(X) C [inbi +H w: 3 >0,we Rk] .

i=1
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Thus, X is a KKT point of (QPE). Let A € R’} be the KKT multiplier associated with x.
Note that A is positive semidefinite on ker(H ). So, the conclusion follows from Theorem 2.1
with B; =0,i =1,...,m. O
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